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Collective excitations of a hot QCD medium are the main focus of the present article. The
analysis is performed within semi-classical transport theory with isotropic and anisotropic momen-
tum distribution functions for the gluonic and quark-antiquark degrees of freedom that constitutes
the hot QCD plasma. The isotropic/equilibrium momentum distributions for gluons and quarks
are based on a recent quasi-particle description of hot QCD equations of state. The anisotropic
distributions are just the extensions of isotropic ones by stretching or squeezing them in one of the
directions. The hot QCD medium effects in the model adopted here enter through the effective
gluon and quark fugacities along with non-trivial dispersion relations leading to an effective QCD
coupling constant. Interestingly, with these distribution functions the tensorial structure of the
gluon polarization tensor in the medium turned out to be similar to the one for the non-interacting
ultra-relativistic system of quarks/antiquarks and gluons . The interactions mainly modify the
Debye mass parameter and , in turn, the effective coupling in the medium. These modifications
have been seen to modify the collective modes of the hot QCD plasma in a significant way.
Keywords: Collective modes, Anisotropic QCD, Quark-Gluon-Plasma, Quasi-partons, Gluon
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I. INTRODUCTION
Heavy ion collision experiments at RHIC, BNL and
LHC, CERN have already observed liquid like hot QCD
matter in experiments [1, 2], commonly termed as quark-
gluon plasma (QGP). As one of fundamental aspect of
strong interaction force in nature, viz., the confinement,
prohibits to observe this medium directly in the experi-
ments, therefore, indirect probes have been suggested for
the existence of the QGP in the experiments. Among
them, two of the robust ones are, viz., collective flow and
jet quenching (suppression of high PT hadrons) which
have been observed both at RHIC and LHC, heavy-ion
collision experiments establishing the near perfect pic-
ture and strongly coupled nature of the QGP. The QGP
is suggested to possess a very tiny value for the shear
viscosity to entropy density ratio that realizes the above
mentioned signatures with quite a appreciable degree of
accuracy in the experiments. Theoretical considerations
based on various approaches starting from kinetic theory
to holographic theory also support a tiny value for the
shear viscosity to entropy density ratio for the matter
therein [3, 4].
Another important signature to sense the existence of
the strongly coupled medium is the quarkonia suppres-
sion. The main cause of the quarkonia dissociation at
high temperature and strong suppression in the yields
of various quarkonia (J/Ψ, Υ etc.), is the color Debye
screening [5] in the QGP medium and other related phe-
nomena such as Landau damping [6] and energy loss [8].
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Study of these aspects of the QGP require exploration
on the spectrum of the collective excitations of the QGP.
These collective excitations carry quite crucial informa-
tion about the equilibrated QGP and also provides a
handle on the temporal evolution of the non (near)-
equilibrated one. In the context QGP, both quark and
gluonic collective modes need to be explored. The prime
focus of this work is to understand the gluonic collective
modes only, which are obtained in terms of the gluon-
polarization tensor in the QGP medium. To investigate
the fermionic modes (quark and antiquark modes), quark
self-energy has to be obtained in the medium which is be-
yond the scope of present work.
There have been several attempts to understand the
collective behavior of hot QCD medium either within the
semi-classical theory or HTL [9–11] effective theory. In
both the approaches, dispersion equations for the col-
lective excitations are obtained. These equations depict
conditions for the existence of solutions of the homoge-
neous equation of motion. In the case of hot QCD/ QGP,
the equations of motion are the Yang-Mills equations
of the chromodynamic field. In classical approach, the
equations of motion depend on the chromodynamic per-
meability, or chromodielectric tensor, that encodes the
effect of the QGP medium. In QFT, polarization tensor
that enters into the gluon propagator, contains the dy-
namical information about the medium and the disper-
sion equations are obtained in terms of poles of the gluon
propagator. The kinetic theory approach is done within
a linear response analysis of classical (or semiclassical)
transport equations while the QFT formulation consists
of the standard perturbative method within the hard
thermal loop approximation. These two approaches turn
out to be completely equivalent [12–15] and the chromo-
dielectric tensor can be expressed directly in terms of the
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2polarization tensor and vice versa. The quantum effects
that are taken into account, enter through the quantum
statistics of the plasma constituents only. The plasmons
which are the glunoic collective modes in the present case,
in the case of isotropic plasmas, have been done long ago
and can be seen in the text books [6, 7]. Notably, the
effects of isotropic distributions enter only through the
mass parameter (the Debye mass). The present analy-
sis is the extension of these approaches for the interact-
ing (realistic) equations of state for the QGP while also
including the small but finite anisotropic effects in the
system.
Like QED plasma, hot QCD plasma (in the abelian
limit) do possess similar collective excitations [16]. The
transverse and longitudinal collective plasma excitations
are commonly known as plasmons. There has been var-
ious attempts to study them both in the isotropic and
anisotropic hot QCD medium [17–20]. The distributions
functions for partons, used to study different aspects of
QGP are discussed in [21–25]. In most of the studies, the
momentum distributions that are crucial to obtain the
whole plasma spectrum have been modeled by consider-
ing the QGP as free ultra-relativistic gas of quarks and
gluons. In view of the strongly coupled nature of QGP,
this need refinement by systematically including the hot
QCD medium effects at the level of momentum distribu-
tions before one setup an effective transport equation.
Our analysis, methodologically, is an adaptation of the
works of Carrington, Deja and Mro´wzyn´ski [29] and Ro-
matschke and Strickland [17]. We extended their for-
malism for interacting QGP equations of state where the
medium effects are encoded in the momentum distribu-
tion of effective gluons and effective quarks employing a
recently proposed quasi-particle model [27, 28]. Another
important aspect of the ultra relativistic heavy-ion colli-
sions is the momentum anisotropy. As the initial geome-
try (just after collision) is approximately almond shaped
with only spatial anisotropy (no momentum anisotropy).
Due to interactions, the system quickly thermalizes and
because of different pressure gradients in different di-
rections, it expands anisotropically. The momentum
anisotropy, that develops at the cost of spatial anisotropy
during the expansion of the system, is present through-
out the hydrodynamical expansion of the QGP.Therefore,
inclusion of such anisotropic effects while modeling the
QGP is inevitable. The modeling of anisotropic distri-
butions for the gluons and quarks in our case is based
on [29], while genralizing the isotropic distributions ob-
tained in [27, 28].
The collective modes are defined in terms of the gluon
propagator which, in turn, depend on the gluon polar-
ization in the medium. In the case of isotropic QGP ,
we can define modes as longitudinal ones and transverse
ones. Generally, we define a longitudinal mode (chomo-
electric mode) when the chromoelectric field is parallel to
wave vector k. On the other hand a mode is called trans-
verse (chromo-magnetic mode), when the chromoelectric
field is transverse to the wave vector. The Maxwell’s
equations (classical Yang-Mills equations in the case of
the QGP) show that longitudinal modes are associated
with chromo-electric charge oscillations and the trans-
verse modes are associated with chromo-electric current
oscillations. Both of them can be stable or unstable and
can be determined as a solution of the dispersion rela-
tions which can be obtained from the poles of the gluon
propagator. Within linear response theory, we compute
the Πµν (gluon-polarization tensor) from semi-classical
transport theory consideration. Thereby, obtained an
expression for the chromo-electric pemittivity tensor in-
voking classical Yang-Mills equations in the abelian limit.
On the other hand, the anisotropic QGP develop the ten-
sorial response and different modes in the different direc-
tions. Interestingly, presence of anisotropy leads to both
real and imaginary modes in the QGP medium.
The paper is organized as follows. In section II, the ba-
sic formalism of gluon polarization tensor has been pre-
sented along with the modeling of hot QCD medium for
isotropic as well as small anisotropic hot QCD medium
through different sub-sections. Section III deals with
the brief mathematical formalism for different collective
modes along with the results and discussions. Summary
and conclusions of the present work is offered in Section
IV.
II. GLUON POLARIZATION TENSOR IN QCD
PLASMA
To understand the properties of any plasma medium,
investigations on the structure of its polarization tensor,
is an essential exercise. In the context of the QGP/hot
QCD medium, gluon polarization tensor, Πµν is the main
focus of our interest. The Πµν contains all the informa-
tion about the medium as it describes the interaction
term in the effective Lagrangian. The gluon polarization
tensor in our case is obtained employing semi-classical
kinetic theory approach to the QGP. This requires equi-
librium/isotropic modeling of hot QCD medium first. If
one is dealing with the anisotropic case, the near equilib-
rium distributions also need to be known for the gluons
and quarks to start up the analysis.
As the present analysis deals with abelian responses
(the singlet part of the gluon self-energy/polarization),
therefore, the framework that is already available for the
QED plasma make sense here. Remember that while
dealing with hot QCD plasma the extra degree of freedom
i.e., the color degree of freedom need to be appropriately
incorporated in the analysis. In QCD plasma, we start
with an arbitrary particle distribution function, denoting
with fi(p, x) where index i labeling the i- th particle.
The function depends on the space-time x(t,x) and the
three-momentum p. The four-momentum p obeys the
mass-shell constraint p2 = m2 , where m is the mass of
the particle ( p ≡ (Ep,p) with Ep ≡ m2 + p2) .
The space time evolution of the distribution function
in the medium is understood from the Boltzmann-Vlasov
3[13, 55] transport equation below.
pµ∂µfi − qiFµνpµ ∂fi
∂pν
= C[fi], (1)
where qi is the charge of the plasma species i, and C[fi]
denotes the collision term. The near equilibrium con-
siderations in our analysis allows us to neglect the effects
from collisions and so C[fi] = 0. The second rank tensor,
Fµν is the electromagnetic strength tensor which either
represents an external field applied to the system, or/and
is generated self-consistently by the four-currents present
in the plasma, as follows,
∂νF
µν = 4pijµ (2)
where
jµ(x) = Σiqi
∫
dΓpµfi(p, x) (3)
and
dΓ ≡ d
3p
(2pi)3E
. (4)
The transport equation, Eq.(1), can be solved in the lin-
ear response approximation. The equation is linearized
around the stationary and homogeneous state described
by the distribution fi(p, x). The state is also assumed to
be neutral with the absence of any current. The distri-
bution function is then decomposed as:
fi(x) = f
0
i (p) + δfi(p, x) (5)
Where
f0i (p) δfi(p, x) (6)
So the induced polarization current will be
jµind(x) = Σiqi
∫
dΓpµδfi(p, x) (7)
Next, in order to study the collective behaviour of hot
QCD plasma one needs to choose a particular energy
scale. Since the collective motion in the hot medium
first appears at the soft momentum scale, p ∼ gT  T ,
so the main focus will be around that only. The magni-
tude of the field fluctuations is of the order of A ∼ √gT
and derivatives are ∂x ∼ gT at the said scale. Now,
following the analysis of Romatschke and Strikland [17],
a covariant gradient expansion of the quark and gluon
Wigner function in the mean-field approximation can be
performed at the leading order in the coupling constant.
The color current, jµ,a, induced by a soft gauge field,
Aµ, with four-momentum k = (ω,k) can be obtained as
follows,
jµ,aind (x) = g
∫
dΓpµδfa(p, x) (8)
here δfa(p, x) contains the fluctuating part given as
δfa(p, x) = 2Ncδf
a
g (p, x) +Nf (δf
a
q (p, x)
−δfaq¯ (p, x)).
(9)
Where δfag (p, x), δf
a
q (p, x) and f
a
q¯ (p, x) are the fluctuat-
ing parts of the gluon, the quark and anti-quark densities,
respectively. Note that, δfag (p, x) transforms as a vector
in the adjoint representation (δfg(p, x) ≡ δfag (p, x)T a)
where as δfaq/q¯(p, x) transforms as a vector in the funda-
mental representation (δfq/q¯(p, x) ≡ δfaq/q¯(p, x)ta).
These quark and gluon density matrices satisfy the fol-
lowing transport equations:[
u ·Dx, δfq/q¯(p, x)
]
= ∓guµFµν(p, x)∂νfq/q¯(p) (10)
[
u ·Dx, δfg(p, x)
]
= −guµFµν(p, x)∂νfg(p) (11)
where Dx = ∂x+igA(x) is the covariant derivative. After
solving the transport equations for the fluctuations δfg
and δfq/q¯, we get the induced current as
jµind(x) = g
2
∫
d3p
(2pi)3
uµuα∂β(p)f(p)∫
dτU(x, x− uτ)Fαβ(x− uτ)
U(x− uτ, x), (12)
where U(x, y) is a gauge parallel transporter defined by
the path-ordered integral
U(x, y) = P exp
[
−ig
∫ y
x
dzµA
µ(z)
]
, (13)
and
Fαβ = ∂αAβ − ∂βAα − ig[Aµ, Aν ] (14)
is the gluon field strength tensor and
f(p) = 2Ncfg(p) +Nf (fq(p) + fq¯(p)). (15)
Here, fq,g(p) denote the isotropic/equilibrium
quark/antiquark (at zero baryon density) and gluon
distribution functions. To obtain them for interacting
hot QCD medium, we need to adopt effective description
of hot QCD equations of state. This point will be
discussed later.
After neglecting terms that are subleading order in g
(implying U → 1 and Fαβ → ∂αAβ −∂βAα) one can find
δfi(p, k) i.e., the Fourier transform of δfi(p, x) and can
obtain the Fourier transform of the induced current as
j′µind(k) = g
2
∫
d3p
(2pi)3
uµ∂β(p)f(p)
[
gαβ−
uαkβ
k · u+ i
]
A′α(k),
(16)
4where  is a small parameter just to take care of unwanted
infinities and will be sent to zero in the end. In the linear
approximation the equation of motion for the gauge field
can be obtained in Fourier space as,
j′µind(k) = Π
µν(k)A′ν(k). (17)
Here, Πµν(k) = Πνµ(k) and follows the Ward’s identity,
kµΠ
µν(k) = 0, i.e., the self-energy tensor is symmetric
and transverse in nature. From Eq.(16) and Eq.(17) we
can obtain Πµν(k) as
Πµν(k) = g2
∫
d3p
(2pi)3
uµ
∂f(p)
∂pβ
[
gνβ − u
νkβ
u.k + i
]
. (18)
The quantity, uµ ≡ (1,k/|k|) is a light-like vector de-
scribing the propagation of plasma particle in space-time
and
gµν = diag(1,−1,−1,−1) (19)
is Minkowski metric tensor.
Putting j′µind(k) and F
′µν(k) into following Maxwell’s
equation
− ikµF ′µν(k) = j′νind(k) + j′νext(k), (20)
we get[
k2gµν − kµkν + Πµν(k)
]
A′µ(k) = −j′νext(k), (21)
where j′νext(k) is an external current in the Fourier space.
Using the temporal axial gauge defined by A0 = 0(
with Aj = E
j
iω ), we can write Eq.(21) in terms of a phys-
ical electric field as[
(k2 − ω2)δij − kikj + Πij(k)
]
Ej(k)
= iωj′iext(k)
(22)
Re-writing the above equation in the form of propagator,
[∆ij(k)]−1Ej(k) = iωjiext(k). (23)
where
∆ij(k) =
1
(k2 − ω2)δij − kikj + Πij(k) , (24)
we can determine the response of the system to the ex-
ternal source,
Ej(k) = iω∆ij(k)jiext(k) . (25)
The poles in the propagator ∆ij(k) in Eq.(24) will lead to
the dispersion relations for the collective modes. Below,
we shall discuss about the gluon polarization tensor for
isotropic case as well as in small anisotropy(ξ) limit.
A. Isotropic hot QCD medium
In the case of isotropic hot QCD medium, we work
with an effective model that describes hot QCD medium
effects in terms of non-intercating/weakly interacting
quasi-particle quarks and gluons. Here, hot QCD
medium effects encoded in the equation of state have
been described in terms of effective quasi-particle degrees
of freedom within various different approaches. There
are several quasi-particle descriptions viz., effective mass
models [39, 40], effective mass models with Polyakov
loop [37], NJL and PNJL based effective models [38],
and effective fugacity quasi-particle description of hot
QCD (EQPM) [27, 28]. The present analysis considers
the EQPM for the investigations on the properties of hot
and dense medium in RHIC.
These quasi-particle models have shown their utility
while studying transport properties of the QGP [42–44].
In Ref. [42], shear and bulk viscosities (η and ζ) for
pure glue plasma have been estimated employing the ef-
fective mass model. In Refs. [43, 44], these are es-
timated both in gluonic as well as matter sector. A
general quasi-particle theory of η and ζ in the hadronic
sector has been presented in [45, 46]. The authors also
estimated them for hadronic sector. Further, thermal
conductivity has also been studied, in addition to the
viscosities [46], again within the effective mass model.
In Ref. [47], the ratio of electrical conductivity to shear
viscosity has been explored within the framework of the
same quasiparticle approach as well. In a very recent
work, Mitra and Chandra [30] estimated the electrical
conductivity and charge diffusion coefficients employing
EQPM. The EQPM has also served as basis to incorpo-
rate hot QCD medium effects while investigating heavy-
quark transport in isotropic [34] and anisotropic [33]
along with quarkonia in hot QCD medium [31, 32] and
thermal particle production [35, 36]. However, the above
model calculations were not able to exactly yield the
shear and bulk viscosities phenomenologically extracted
from the hydrodynamic simulations of the QGP [3, 4],
consistently agreeing with different experimental observ-
ables measured such as the multiplicity, transverse mo-
mentum spectra and the integrated flow harmonics of
charged hadrons. Nevertheless, these quasiparticle ap-
proaches play crucial role the isotropic modeling of the
QGP medium.
The EQPM employed here, models the hot
QCD in terms of effective quasi-gluons and quasi-
quarks/antiquarks with respective effective fugacities.
The idea has been to map the hot QCD medium
effects present in the equations of state (EOSs) either
computed within improved perturbative QCD or lattice
QCD simulations, in terms of effective equilibrium
distribution functions for the quasi-particles. Three
different EOSs and their respective EQPM descriptions
denoted by EOS1, EOS2 and LEOS have been consid-
ered here. Noteworthily, the EOS1 is fully perturbative
and computed up to O(g5) by Arnold and Zhai [52]
5and Zhai and Kastening [53] and EOS2 which is up to
O(g6 ln(1/g) + δ) is computed by Kajantie et al. [50]
while incorporating contributions from non-perturbative
scales such as gT and g2T . The LEOS is the recent
(2+1)-flavor lattice QCD EOS [48] at physical quark
masse. Note that there are more recent lattice results
with the improved actions and refined lattices [49], for
which we need to re-look the model with specific set
of lattice data specially to define the effective gluonic
degrees of freedom. This is beyond the scope of present
analysis. Therefore, we will stick to LEOS and the
model for it that is described in Ref. [28]. However, in
view of the fact that the quasi-particle model is more
reliable beyond 1.5Tc, the changes that are expected are
perhaps not so major.
Next, the form of the quasi-parton equilibrium distri-
bution functions (describing either of the EOSs) feq ≡
{fg, fq} (describing the strong interaction effects in terms
of effective fugacities zg,q) can be written as,
fg/q =
zg/q exp[−βEp](
1∓ zg/q exp[−βEp]
) (26)
where Ep = |~p| for the gluons and
√
|~p|2 +m2q for the
quark degrees of freedom (mq denotes the mass of the
quarks). Since the model is valid in the deconfined phase
of QCD (beyond Tc), therefore, the mass of the light
quarks can be neglected as compared to the tempera-
ture. Notably, these effective fugacities (zg/q) lead to
non-trivial dispersion relation both in the gluonic and
quark sectors:
ωg/q = Ep + T
2∂T ln(zg/q). (27)
The second term in the right-hand side of Eq.(27), en-
codes the effects from collective excitations of the quasi-
partons. Note that zg, zq are not related with any con-
served number current in the hot QCD medium and they
are introduced to encode interaction effects. Note that fq¯
in Eq. (15) has exactly same expression fq (zero baryon
density ). Note that, extension of the EQPM, while in-
coporating the non-extensive quantum statistics, has re-
cently been done by Rozynek and Wilk [41]. We intend to
utilize these non-extensive quasi-particle distribution in
the context of collective plasma excitations of hot QCD
medium in near future.
1. Debye mass and effective QCD coupling
Next, we employ the EQPM to obtain the Debye mass
and effective coupling in hot QCD medium. The mathe-
matical expression for the Debye mass, derived in semi-
classical transport theory [12, 13, 54] given below in terms
of equilibrium gluonic and quark/antiquark distribution
function can be employed here,
m2D = −4piαs(T )
(
2Nc
∫
d3p
(2pi)3
∂pfg(~p)
+ 2Nf
∫
d3p
(2pi)3
∂pfq(~p)
)
, (28)
where, αs(T ) is the QCD running coupling constant at
finite temperature [51]. Employing EQPM, we obtain the
following expression,
m2D
EOS(i)
= 4piαs(T )T
2
(
2Nc
pi2
PolyLog[2, zg]
− 2Nf
pi2
PolyLog[2,−zq]
)
. (29)
Where i = 1 (EOS1), i = 2 (EOS2) and i = 2 + 1
(LEOS) (zg,q) computed from respective EOSs) In the
limit ( zg,q = 1) the mD reduces to the leading order
(LO) expression (ideal EOS: non-interacting of ultra rel-
ativistic quarks and gluons),
m2D
LO
= αs(T ) T
2(
Nc
3
+
Nf
6
). (30)
Eq.(29) can be rewritten as,
m2D
EOS(i)
m2D
LO
=
2Nc
pi2 PolyLog[2, zg]− 2Nfpi2 PolyLog[2,−zq]
Nc
3 +
Nf
6
.
(31)
Now, defining the effective QCD coupling,
αeff ≡ αs(T )g(zg, zq) (32)
we obtain:
m2D
EOS(i)
= 4piαeff (T ) T
2(Nc/3 +Nf/6). (33)
The function g(zg, zq),reads,
g(zg, zq) =
2Nc
pi2 PolyLog[2, zg]− 2Nfpi2 PolyLog[2,−zq]
Nc
3 +
Nf
6
(34)
It is important to note that with EQPM employed here,
due to the isotropic nature of the effective momentum
distribution functions of quarks and gluons, the math-
ematical structure of the analysis remains intact to the
formalism of [17]. The temperature dependence of the
Debye mass parameter that captures the effects from ef-
fective coupling is different in our case and in the limit-
ing case (Stefan-Boltzmann limit, zg,q → 1), it yields the
same expression as employed in [17].
Now, in order to solve that integral shown in Eq.(18) in
the isotropic case, we construct a co-variant form of Πµν
analytically by making the possible combination of avail-
able symmetric tensors. The anlysis is similar as done
in [56] which are [gµν , kµkν , uµuν , kνuµ + kµuν ]. One of
6the possible combination to construct Πµν(k) in isotropic
case can be obtained by using,
Pµν = gµν − uµuν + 1
k2
(kµ − ωuµ) (kν − ωuν) ,
Qµν =
−1
k2k2
(
ωkµ − k2uµ
) (
ωkν − k2uν
)
. (35)
as
Πµν(k) = ΠT (k)Pµν + ΠL(k)Qµν , (36)
where ΠT (k) is the transverse and ΠL(k) is the longitu-
dinal part of the self-energy. Using the following contrac-
tions,
(gµν − uµuν)Πµν(k) = 2ΠT (k) + (1 + k
2
k2
)ΠL(k)(37)
and
uµΠ
µνuν = −ΠL(k)k
2
k2
(38)
The form of ΠT (k) and ΠL(k) can be obtained as fol-
lows:
ΠT (k) =
m2D
2
ω2
k2
[
1− ω
2 − k2
2ωk
log
ω + k
ω − k
]
(39)
ΠL(k) = m
2
D
(
1− ω
2
k2
)[
1− ω
2k
log
ω + k
ω − k
]
(40)
For real valued ω, ΠT (k) and ΠL(k) are real for all ω > k
and complex for ω < k. Since for the real valued ω the
quantity inside the log is give as
log
(
ω + k
ω − k
)
= log
(∣∣∣∣k + ωk − ω
∣∣∣∣)− ipiΘ(k − ω) (41)
where Θ is the heavyside theta function.
B. Extension to anisotropic hot QCD medium
To describe the anistropic hot QCD medium, we fol-
low the approach of [17] and for the normalization of
the momentum distribution function, we follow [29]. In
these approaches, the anisotropic momentum distribu-
tion functions for the gluons and quark-antiquarks are
done by rescaling (stretching and squeezing) of only one
direction in momentum space function as:
fξ(p˜) = Cξf(
√
p2 + ξ(p.nˆ)2). (42)
This introduces one more degree of freedom, viz. , the
direction of anisotropy, nˆ with nˆ2 = 1. The anisotropy
parameter ξ can be adjusted to reflect either squeezing or
stretching (i . e. ξ > 0 correspond to contraction of the
distribution in the nˆ direction or −1 < ξ < 0 correspond
to stretching of the distribution in the nˆ- direction) and
Cξ is the normalization constant. Choosing, ξ = 0 will
take back to the case of isotropic medium.
Next, a change of variables enable us to to integrate
out the (|p˜| ≡√p2 + ξ(p.nˆ)2) in Πij in Eq. (18) as,
Πij(k) = −g2
∫
d3p
(2pi)3
ui∂lfξ(p˜)
(
δjl +
ujkl
k · u+ i0+
)
(43)
Again, a tensor decomposition of Πµν for an anisotropic
system is possible to develop in which there is only
one preferred direction i.e., the direction of anisotropy,
nˆ. Since the self-energy is symmetric and transverse,
all components of Πµν are not independent. Therefore,
we can restrict our considerations to the spatial part of
Πµν , denoted as Πij and following the analysis done in
[17, 26, 29], we have:
Πij = αAij + βBij + γCij + δDij , (44)
where
Aij = δij − kikj/k2, Bij = kikj/k2
Cij = n˜in˜j/n˜2, Dij = kin˜j + n˜ikj . (45)
Using this tensor decomposition, Πij is decomposed into
four structure functions These are determined by consid-
ering the following contractions,
kiΠijkj = k2β, n˜iΠijkj = n˜2k2δ
n˜iΠij n˜j = n˜2(α+ γ), T rΠij = 2α+ β + γ. (46)
and in terms of related scalar quantities (structure func-
tions), α, β, γ and δ. Here, n˜i = Aijnj which obeys
n˜ · k = 0.
Note that, all of the four structure functions depend on
mD, ω, k, ξ, and kˆ · nˆ = cos θn. In the limit of vanishing
strength of the anisotropy, ξ → 0, the structure functions
α and β reduce to the isotropic hard-thermal-loop self-
energies and γ and δ just vanish.
αiso(ω,k) =
m2D
2
ω2
k2
[
1− ω
2 − k2
2ωk
log
ω + k
ω − k
]
= ΠT (k)
βiso(ω,k) = m
2
D
ω2
k2
[
ω
2k
log
ω + k
ω − k − 1
]
≈ ΠL(k)
γiso(ω,k) = 0, δiso(ω,k) = 0 (47)
In the case of massless partons, the whole spectrum
of collective excitations depends on a single mass pa-
rameter which is nothing but the Debye mass given in
Eq.(28). In order to compare the collective modes at
different anisotropy , we have to make this parameter
independent of ξ but of course the effects of different
EOSs will be there in mD. While keeping the Debye
mass intact with respect to ξ in both the isotropic as
well as in the anisotropic case, we found the normaliza-
tion constant(Cξ) to be [29],
Cξ =
√|ξ|
arctan
√|ξ| . (48)
7which is in small ξ limit given as,
Cξ = 1 +
ξ
3
+O(ξ2). (49)
the distribution shown in Eq.(42) is weekly stretched and
squeezed for ξ < 0 and ξ > 0 respectively.
C. Structure functions in small anisotropy, ξ limit
In the limit of small anisotropy, it is possible to obtain
analytic expressions for all the four structure functions
order by order in ξ. At the linear order in ξ, the distri-
bution function shown in Eq.(42) can be expanded as,
fξ(p) = (1 +
ξ
3
)f(p) +
ξ
2
df(p)
dp
(p.nˆ)2. (50)
Now using Eq.(46) along with Eq.(43) and Eq.(50), we
can analytically obtain the expressions for the coefficients
α, β, γ and δ. All the four coefficients have contribu-
tions of order ξ. But in our analysis, we will show in the
next section that δ appears quadratically in the disper-
sion Eq.(62), in the linear order approximation we can
neglect it. The remaining coefficients are given as,
α(ω,k) = (1 +
ξ
3
)αiso(ω,k)− ξm
2
D(T )
8
[
8
3
cos2 θn
+
2
3
(5− 19 cos2 θn)ω
2
k2
− 2(1− 5 cos2 θn)ω
4
k4
+
[
1− 3 cos2 θn − (2− 8 cos2 θn)ω
2
k2
+ (1
−5 cos2 θn)ω
4
k4
]ω
k
log
(ω + k + i0+
ω − k + i0+
)]
(51)
β(ω,k) = (1 +
ξ
3
)βiso(ω,k)− ξ m2D(T )
[
(−2
3
+ cos2 θn)
ω2
k2
+ (1− 3 cos2 θn)ω
4
k4
+
1
2
[
(1− 2 cos2 θn)ω
2
k2
− (1
−3 cos2 θn)ω
4
k4
]ω
k
log
(ω + k + i0+
ω − k + i0+
)]
(52)
γ(ω,k) = −ξm
2
D(T )
4
sin2 θn
[
− 4
3
+
10ω2
3k2
− 2ω
4
k4
+
(
1− 2ω
2
k2
+
ω4
k4
)ω
k
log
(ω + k + i0+
ω − k + i0+
)]
(53)
where αiso and βiso are given in Eq.(47).
For finite ξ the analytic structure of the structure func-
tions is the same as in the isotropic case. For real val-
ued ω the structure functions are real for all ω > k and
complex for ω < k. For imaginary values of ω all four
structure functions are real. Since the dispersion rela-
tion can’t be solved analytically for arbitrary k, we are
considering here the limit when ω  k. In this limit the
coefficients α, β and γ can be obtained as,
α(ω,k) = m2D(T )
[
1
3
(1− ξ
15
) +
1
5
[1
3
+
ξ
7
(
1
9
+ cos2 θn)
]ω2
k2
+O
(
ω4
k4
)]
(54)
β(ω,k) = m2D(T )
[
1
3
[
1 +
ξ
5
(−1
3
+ cos2 θn)
]
+
1
5
[
1 +
ξ
7
(
1
3
− cos2 θn)
]ω2
k2
+O
(
ω4
k4
)]
(55)
γ(ω,k) = m2D(T )ξ sin
2 θn
[
1
15
− 4k
2
105ω2
+O
(
ω4
k4
)]
(56)
Since, all the structure constants depend on the Debye
mass m2D, any modification in Debye mass will modify
all of the them. With these structure functions in hand
we can construct the Πij(k) in the small ξ limit. In the
next section, we shall discuss the formalism of finding
the dispersion relation for the collective modes from the
propagator shown in Eq.(24)
III. COLLECTIVE MODES
As discussed earlier, in order to find out the collective
modes, we first have to obtain the dispersion equation by
looking at the poles of the propagartor shown in Eq.(24).
In order to do that we are first expressing,∆−1(k) in
terms of structure functions, we have,
∆−1(k) = (k2 − ω2 + α)A + (β − ω2)B
+γC + δD
(57)
where A,B,C and D are the same 3-Tensors defined
above. Any symmetric 3-tensor T defined as:
T = aA + bB + cC + dD (58)
(a,b,c and d scalars) will have the inverse as
T−1 = a−1A +
(a+ c)B− a−1(bc− n˜2k2d2)C− dD
b(a+ c)− n˜2k2d2 .
(59)
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FIG. 1: (Color online) Re(α˜) and Im(α˜) with ω/k at Tc = 0.17GeV and T = 0.25 for various EOSs.
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FIG. 2: (Color online) Re(β˜) and Im(β˜) with ω/k at Tc = 0.17GeV and T = 0.25 for various EOSs.
Using the above formula, we obtain an expression for the
propagator
∆(k) = ∆A[A−C] + ∆G[(k2 − ω2+
α+ γ)B + (β − ω2)C− δD] (60)
with
∆−1A (k) = k
2 − ω2 + α (61)
∆−1G (k) = (k
2 − ω2 + α+ γ)(β − ω2)− k2n˜2δ2 (62)
As said earlier we can neglect δ2 in the linear order of
approximation of ξ and hence,
∆−1G (k) = (k
2 − ω2 + α+ γ)(β − ω2) (63)
we can split ∆−1G (k) into simpler form as,
∆−1G (k) = ∆
−1
G1(k) ∆
−1
G2(k) (64)
where
∆−1G1(k) = k
2 − ω2 + α+ γ, ∆−1G2(k) = β − ω2 (65)
In the next two subsections (A and B) we shall find
the collective modes by solving the dispersion equations
Eq.(61) and Eq.(65). In the subsection C, we shall dicuss
the results.
A. A modes
We refer A-modes when solving the dispersion equa-
tion(61)as
∆−1A (k) = k
2 − ω2 + α = 0. (66)
In the limit ω2  k2 the equation is solved by
ω2(k) =
m2D(T )
3
(1− ξ
15
) +
6
5
[
1 +
ξ
14
( 4
15
+ cos2 θn
)]
k2
+O
(
k4
)
(67)
To look for pure imaginary solutions when ω2 < k2 in
equation(61), we substitute ω = iΓ with Γ ∈ R and as-
suming Γ2  k2. With this approximation the α(ω,k)
becomes
α(ω,k) = −1
3
ξm2D(T ) cos
2 θn +
pi
4
[
1− ξ
2
(1
3
−3 cos2 θn
)]
m2D(T )
|Γ|
k
+O
( |Γ2|
k2
)
(68)
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FIG. 3: (Color online) Re(γ˜) and Im(γ˜) with ω/k at Tc = 0.17GeV and T = 0.25 for various EOSs.
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FIG. 4: (color online) Dispersion curve of modes for various EOSs with different θn at fixed ξ = 0.0, Tc = 0.17GeV
and T = 0.25GeV .
and the solution of the dispersion equation(61) is given
as
ΓA(k) = ±1
2
[√
λ2A
k2
+ 4
(
k2A − k2
)
− λA
k
]
(69)
where
kA = mD(T )| cos θn|Re
(√
ξ
3
)
(70)
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FIG. 5: (color online) Dispersion curve of modes for various EOSs with different θn at fixed ξ = 0.20, Tc = 0.17GeV
and T = 0.25GeV .
and
λA =
pi
4
[
1− ξ
2
(1
3
− 3 cos2 θn
)]
m2D(T ) (71)
B. G modes
We refer G-modes when solving the dispersion equa-
tion(62)as
∆−1G (k) = ∆
−1
G1(k) ∆
−1
G2(k) = 0 (72)
which gives
∆−1G1(k) = k
2 − ω2 + α+ γ = 0, ∆−1G2(k) = β − ω2 = 0.
(73)
where G1 correspond to the transverse mode and G2 cor-
respond to longitudinal mode. In the limit ω2  k2 the
dispersion equation corresponding to G1 is solved by
ω2(k) =
m2D(T )
3
[
1 +
ξ
5
(2
3
− cos2 θn
)]
+
6
5
[
1− ξ
5
(23
42
− cos2 θn
)]
k2 +O
(
k4
)
(74)
For purely imaginary solution of G1 we again put ω = iΓ
with Γ ∈ R and assuming Γ2  k2.The solution of the
dispersion equation corresponding to G1 is obtained as,
ΓG1(k) = ±1
2
[√
λ2G1
k2
+ 4
(
k2G1 − k2
)
−λG1
k
]
(75)
where
kG1 = mD(T )Re
(√
ξ
3
(2 cos2 θn − 1)
)
(76)
and
λG1 =
pi
4
[
1− ξ
2
(7
3
− 5 cos2 θn
)]
m2D(T ) (77)
In the same limit ω2  k2 for G2, we have
ω2(k) =
m2D(T )
3
[
1 +
ξ
5
(
− 1
3
+ cos2 θn
)]
+
3
5
[
1 +
4ξ
35
(
1− 3 cos2 θn
)]
k2 +O
(
k4
)
(78)
which represents the longitudinal mode. In the limit
ω2  k2, the imaginary solution of G2 does not ex-
ist. Since all the strucution functions are positive when
11
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FIG. 6: (color online) Dispersion curve of modes compared for various EOSs with different θn at fixed ξ = −0.20,
Tc = 0.17GeV and T = 0.25GeV .
putting ω = iΓ, for real Γ and hence
∆−1G2(k) = β − ω2 6= 0. (79)
So, we are having only two imaginary modes(ΓA and
ΓG1) which are coming when ω
2  k2
C. Results and Discussions
In the small anisotropy limit, the dynamics of hot
QCD medium in the transverse plane is understood by
analysing the structure functions α, γ and δ. The re-
sponse in the longitudinal directions is captured in the
structure function β. The forth structure function δ ∼
O(ξ), enters in the dispersion equation as δ2. Therefore,
it has been ignored henceforth. Next, to highlight the ef-
fects of various EOSs, we consider these quantities scaled
with the plasma frequency, ωLOp ≡ mLOD /
√
3 as:
α˜ =
α
(ωLOp )
2
, β˜ =
β
(ωLOp )
2
, γ˜ =
γ
(ωLOp )
2
. (80)
The ω/k dependence of α˜ for isotropic(ξ = 0.0), ξ = 0.2
and ξ = −0.2 is shown in Fig. 1 at θn = pi/3, Tc =
0.17GeV and T = 0.25GeV . Similarly, β˜ is shown in
Fig. 2 and γ˜ is shown in Fig. 3. The leading order HTL
results are shown in the same figures for the purpose of
comparison. It is to be noted that the realistic EOSs
have modified the results quite significantly for both real
and imaginary parts of all the three structure functions
. The EOS1, EOS2 and LEOS results are quite closer
while, we look them in contrast to LO case. Notably, for
real ω when ω < k, all the three structure functions (α˜,
β˜ and γ˜) are complex while for ω > k, they only possess
non-vanishing real parts.
The dispersion curves for various collective modes have
been shown in Figs. 4-6 for real ω and ω > k at
ξ = 0, 0.2,−0.2 and θn = 0, pi/3. We have chosen,
Tc = 0.17GeV and T = 0.25GeV throughout. To vi-
sualise the EOS effects in contrast to LO results, the
modes have been scaled with ωLOp . Fig. 4 is plotted
for the isotropic case, the dispersion curves of collective
modes(ωA, ωG1, ωG2) have been shown for two differ-
ent values of the angles (θn = 0, pi/3). The spectrum
of weakly squeezed plasma, ξ = 0.2, have been plotted
in Fig.5. Similarly, weakly stretched case, ξ = −0.2, is
shown in Fig. 6. In all the three cases, we found simi-
lar pattern but the numbers are visibly different in the
case of different EOSs in contrast to the LO results. No-
tably, the G2 modes in both isotropic and anisotropic
case croses the light cone(ω = k). This effect is also been
mentioned in [29]. For non-zero ξ, the propagator also
has poles along the imaginary ω axis when ω2  k2. We
have found the dispersion relation shown in Eq.(69) and
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FIG. 7: (color online)Dispersion curve of modes for various EOSs at fixed Tc = 0.17GeV and T = 0.25GeV .
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FIG. 8: (color online)Dispersion curve of modes for various EOSs at fixed Tc = 0.17GeV and T = 0.25GeV .
Eq.(75) by taking ω = iΓ with Γ real valued and plotted
Γ/ωLOp with respect to k/ω
LO
p .
We have plotted the spectrum of weakly squeezed
plasma, from Fig.7 to Fig.9 at different angle θn. In
each plot we got the results in different range. Again in
order to highlight the effects of various EOSs, in all the
cases, along with the LO results, we have also plotted the
results coming out using EOS1, EOS2 and LEOS. Fig.7
is plotted for ξ = 0.2 and ξ = 0.4, respectively in the left
and right panel, at θn = pi/6. As one can easily see that
in Fig.7, we got both the modes(i.e., ΓA and ΓG1). Same
in Fig.9 also for θn = pi. But as shown in Fig.8, which is
plotted for θn = pi/3, we got only ΓA mode.
Weakly stretched spectrum of hot QCD plasma is plot-
ted in Fig.10 and Fig.11 for θn = pi/3 and θn = pi/2
respectively. In this case(ξ negative), we got only ΓG1
mode while the ΓA mode was absent. The Fig.10(Left
panel) and Fig.10(Right panel) are plotted for ξ = −0.2
and ξ = −0.4, respectively. In the same way Fig.11(Left
panel) and Fig.11(Right panel) are plotted for ξ = −0.2
and ξ = −0.4, respectively. In total, three real modes for
ω2  k2 and at-most two imaginary modes for ω2  k2
are seen to be there. All of them are seen to be signif-
icantly influenced by the realistic EOS as compared to
the LO/Ideal EOS. Moreover, the imaginary modes have
seen to exist only for certain values of θn similar to what
has already been observed in Refs. [17, 29].
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FIG. 9: (color online)Dispersion curve of modes for various EOSs at fixed Tc = 0.17GeV and T = 0.25GeV .
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FIG. 10: (color online)Dispersion curve of modes for various EOSs at fixed Tc = 0.17GeV and T = 0.25GeV .
IV. SUMMARY AND CONCLUSIONS
In conclusion, the gluon polarization tensor for a hot
QCD/QGP medium is obtained within linear transport
theory. The dispersion equations and gluon collective
modes are obtained in terms of the polarization tensor
while invoking the classical Yang-Mills equation of mo-
tion. The hot QCD medium interactions are modelled by
exploiting the quasi-particle description of the hot QCD
equations of state in terms of quark and gluon effective
fugacities contained by their respective effective momen-
tum distributions. The EOSs under considerations in-
clude both improved perturbative QCD and (2+1)-flavor
lattice QCD with physical quark-masses. This enables
one to distinguish different EOSs in RHIC in the context
of collective behaviour of hot QCD plasma. The collec-
tive mode analysis of the hot QCD plasma revealed that
interactions induce significant modifications to the modes
(temperature dependence). However, the ω − k depen-
dence of the longitudinal and transverse gluon polariza-
tion remains intact (same as that while invoking an ideal
EOS). An extension to the anisotropic hot QCD medium
is done by rescaling the above mentioned isotropic quasi-
particle distributions. The effects of hot QCD medium
along with the anisotropy to the collective modes are
studied in detail. The hot QCD medium as well as pres-
ence of anisotropy are seen to have significant impact the
collective plasma properties of the medium.
An immediate future extension of the work would be to
include the collectivity and near perfect fluidity of the hot
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FIG. 11: (color online)Dispersion curve of modes for various EOSs at fixed Tc = 0.17GeV and T = 0.25GeV .
QCD medium/QGP and study its impact on collective
plasma properties while analyzing the quark-antiquark
effective modes. The realization of hot QCD medium
in terms of a refractive index would also be taken up
in future. Equally importantly, obtaining an expression
for the inter-quark potential in this medium and its phe-
nomenological aspect will be another direction where the
investigations focus will on.
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